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We give a condition on the number of arcs sufficient for a digraph to be k-linked 
and conjecture another one involving half-degrees also sufficient. Next we prove a 
conjecture for 2-cyclic digraphs by M. C. Heydemann and D. Sotteau and propose 
a similar one for k-cyclic digraphs. 
Nous donnons une condition suffisante, en terme de taille du graphe, assurant 
qu’un graph orient& soit k-relic, puis une autre invoquant les demi-degres. Nous 
resolvons ensuite une conjecture de M. C. Heydemann and D. Sotteau pour les 
graphes 2-circuitiques et proposons une conjecture analogue pour les graphes 
k-circuitiques. 0 1990 Academic Press, Inc. 
1. INTRODUCTION 
In this paper we deal with conditions either on the number of arcs or 
involving degrees sufficient for a digraph to be either k-linked or k-cyclic. 
We use standard terminology and notations of Berge [2]. A digraph D 
consists of a finite set V(D) of vertices and a set E(D) of arcs. The 
cardinality of V(D) is the order n of D. If X, y E V(D) and the arc (x, y) is 
present, we say that x dominates y. If A, B are subsets of V(D), we define 
E(A--+B)= {(x,y)~E(D)/x~A,y~l?j and E(A, B)=E(A+B)uE(B+A). 
If A = (X >, we write x instead of (X ) and if A = V(H), for some subdigraph 
H of D, we write H instead of V(H). The outdegree (resp. indegree) of a 
vertex x in D is defined as IE(x + V(D))1 (resp. 1 E( V(D) --+ x)1 ) and is 
denoted d+ (x) (resp. d- (x)). Moreover for some vertex x of D we define 
WX)= (YIVED, CwHD)) and Vx)= (v/‘.YED, (v, -+W)). 
Throughout this paper, any path is assumed directed. If x and y are two 
vertices of D, then a path from x to y is denoted x -+ y. A digraph is strong 
if for any two vertices x, y the digraph contains an x -+ y path and an y -+ x 
path and it is k-strongly connected if the removal of fewer than k vertices 
always results in a strong digraph. A digraph is k-linked if for every set of 
2k, not necessarily distinct, vertices x1, x2, . . . . x,$, yl, y2, . . . . Yk there exist k 
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internally vertex disjoint paths xi + yi, 1 6 i < k. A digraph is k-cyclic if all 
k vertices are on a common cycle. 
If G is an undirected graph we denote by G* the symmetric digraph 
associated with G. K,, denotes the complete undirected graph with n ver- 
tices and K,, its complement. If G, and G2 are graphs, then G1 u G2 is the 
disjoint union of G1 and GZ. The join of G1 and GZ, denoted by G1 + G2, 
is the union of G1 u G2 and of all the edges between G1 and G2. Finally we 
call the opposite of a digraph D the digraph obtained from D by reversing 
the direction of all its arcs. 
The following theorem of [ 1 ] will be used in this paper. 
THEOREM A. Let D be a digraph of order n such that for every vertex x, 
d+(x) 2 r and d-(x) > r. If (E(D)/ 2 n2 - n(r + 2) + (r + 1)2 + 1, then D is 
hamiltonian. 
2. MAIN RESULTS 
We begin with the following theorem on k-linked digraphs. 
THEOREM 1. Let D = (V, E) be a digraph on n vertices and k any integer 
such that nt2k>2. If /E(D)1 >f(n, k)=n(n-l)-n+2k, then D is 
k-linked. 
For the proof of this theorem we need the following lemma whose simple 
proof is left to the reader. 
LEMMA 2. If D is a digraph and x a vertex of D such that D -x is k- 
linked and d+(x)>2k- 1, d-(x)>2k- 1, then D is k-linked. 
Proof of Theorem 1. It is by induction on n. 
For n = 2k we have I E( D)l 2 n(n - 1) hence D is complete and therefore k- 
linked. In what follows assume n 2 2k + 1. Let now x be any vertex of D. 
Then we have d(x)>n+2k-2, since d(x)= IE(D)( - IE(D-x)1 >n2- 
2n+2k- [(n- l)(n-2)] = n + 2k - 2. It follows that d+(x) 2 2k - 1 and 
d-(x)a2k-1. On th e other hand, for some vertex x of D we have 
d(x) < 2n - 3 f or otherwise D would be complete and therefore k-linked. 
Consider now the graph D - x. It verifies I E(D - x)1 > I E(D)1 - 2n - 3 = 
f(n- 1, k) and consequently it is k-linked by the induction hypothesis. 
Now the conclusion follows easily from Lemma 2. 
The conditions given in Theorem 1 are the best possible in view of the 
digraph defined as follows: Let A be the complete symmetric digraph of 
order n - 2k + 1 and B be the complete symmetric digraph of order 2k - 2. 
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Now, consider the disjoint union of A and B and add a new vertex x and 
the arcs in such a way that every vertex in B dominates and is dominated 
by every vertex in A and that x dominates every vertex in A u B and is 
dominated by every vertex in B. The resulting digraph has no k vertex- 
disjoint paths z -+ X, where z is a vertex in A and Xijyi, l<i<k-1, 
where xi yi are vertices in B. 
The particular case k = 2 of the above theorem was also proved 
by M. C. Heydemann and D. Sotteau in [3]. In the same reference, the 
following theorem for 2-linked digraphs with conditions involving half- 
degrees was also proved. 
THEOREM 3 (M. C. Heydemann and D. Sotteau). Zf D is a digraph of 
order n such that for every vertex x, d + (x) > n/2 + 1 and d - (x) 2 n/2 + 1, 
then D is 24nked. 
In the following theorem we shall extend the above result. 
THEOREM 4. Let D be a digraph of order n, n 3 9, such that for every 
vertex x we have d + (x) 2 n/2 + 2 and d - (x) > n/2 + 2. Then D is 34nked. 
ProoJ: Let us consider six vertices x1, x2, x3, yl, y,, y, of D. We shall 
prove that there are three vertex-disjoint paths, x1 + y,, x2 + y2, and 
x3 --+Y3* 
We distinguish between two cases, (I) and (II). 
(I) At least an arc (xi, yi), 16 i < 3, is present. Assume for example 
that the arc (x,, yi) is present. Consider the digraph D’ = D - (x1, y, >. 
Then for any vertex z in D’ we have IE(z--+ D’)l 2 n/2 + 2 - 2 = (n - 2)/2 + 1 
and IE(D’-+z)l arm/2+2-2=(n-2)/2+ 1. It follows from Theorem 3 
that D’ is 2-linked, in other words it follows that there are two vertex- 
disjoint paths x2 -+ y2 and x3 --+ y3 in D’ (that is, in D) which are the 
desired. 
(II) There is no arc (Xi, yi) for all i, 1 < i< 3. Let us suppose 
that D is 2-linked (because of Theorem 3) but not 3-linked. Then there are 
two vertex-disjoint paths, for example, x1 -+ y, and x2 -+ y,, but any 
x3 -+ y3 path intersects at least one of these paths. In addition, since for 
all i, 1 <i< 3, we have Ir’(xi) n T-(yi)l = Ir'(xi)l + Ir-(yi)l - 
IZ’(xi)uZ-(yi)J 26, then we may suppose that these paths are both of 
length 2 (it is easy to see that there is at least a vertex, say z, in Z +(x1) n 
Z-(yl)- (~2,~3,~2,~3} and a vertex, say w, in Z+(x,)nZ-(y,)- 
{x1, x3, y,, y,, z}). Let x1 -+ z -+ y1 and x2 + w  + y, be these paths. 
Consider now the set H = (w 1, x2, y, , y2,. z, w} and assume that any 
x3 -+ y3 path intersects H. Obviously D - H is not strong and therefore 
there are at least two subsets A, B of D - H such that xj is in A, y3 is in 
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B, and no vertex of A dominates a vertex of B. We shall prove that 
IAl = (n - 6)/2 = IBI and that A and B are complete digraphs. Clearly 
IAl + IBI = n - 6 and therefore either IAl < (n - 6)/2 or IBl< (n - 6)/2 
holds. Assume w.1.o.g. that I.41 < (n - 6)/2 holds and let x be a vertex in A. 
We have 
n/2+2dd+(x)=IE( x + A)[ + IE(x + H)I + IE(x + B)I 
</AI-l+IH(+O<(n-6)/2-1+6=n/2+2. (4 
It follows that all the inequalities in (a) are, in fact, equalities and conse- 
quently A is a complete digraph and moreover IA I = (n - 6)/2. Now one 
can easily see that IBI = IAl and that B is complete and this proves our 
assertion. 
Consider now a vertex s in A distinct from x3 and a vertex p in B distinct 
from y3. Clearly such vertices exist since from n 2 9 we obtain IA I 2 2 and 
IBI > 2. 
Suppose first that for each vertex s in A and each vertex p in B the 
arc (p, s) is not present. In this case we have I E( H + s)l = IE( D + s)l - 
IE(A --+ s)l - IE(B -+ sl 2 n/2 + 2 - ((n - 6)/2 - 1) - 1 = 5. It follows from 
these conditions and (a) that s is either in f + (x, ) n T- ( y2) or in 
T+(x,) n r-(y2). Assume that s is in r+(X,) nT-(y,). The paths 
Xl +~+Yl,~2-+~+Y2, and xj -+ w  -+ y3 are the desired. Analogously we 
can complete the proof in the case where s in r + (x, ) u r- ( y2). 
Suppose next that for some vertex s in A and for some vertex p in B, 
the arc (p, s) is present. It follows from condition (a) that 
IE(x, + H)I = 6 = IE( s --+ H)I. Similarly, IE(H+y,)l = 6 = ]E(H-+p)l. In 
this final case the paths xl-+z+yl, x3--+w+y3, and x2-+p+s-+y2 are 
the desired and this completes the proof of Theorem 4. 
The above theorem is the best possible for n > 9. Indeed, let A (resp. B, 
C) be a complete symmetric digraph of order n/2 - 2 (resp. 4, (n/2) - 2). 
Consider the disjoint union of A, B, C and suppose that every vertex of B 
dominates and is dominated by every vertex of A u C. The resulting 
digraph has half-degrees at least n/2 + 1; however, it has no 3 vertex- 
disjoint paths x1 -+ y 1, where x1 is a vertex in A, y 1 is a vertex in C, and 
Xi - yi, 1 < i < 2, where xi, yi are vertices in B. 
Because of Theorems 3 and 4 we propose the following conjecture for 
k-linked digraphs. 
Conjecture 1. Let D be a digraph of order n and k a non-zero positive 
integer. Then there exists a minimum functionf(n, k) such that if for every 
vertex X, d +(x) >f(n, k) and d-(x) >f(n, k), then D is k-linked. 
Remark for Conjecture 1. Recently, C. Hurkens proved in [4] that 
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f(n, 4) = n/2 + 3 for n 2 13. It follows from this result and Theorem 4 that 
perhaps it suffices to take f(n, k) = n/2 + k - 1 for n >, 4k - 3. 
For k-cyclic digraphs the following may hold. 
Conjecture 2. Let D be a (k - 1 )-connected digraph of order n such that 
for every vertex X, d + (x) b r, d - (x) b Y, with r > k - 12 1 and 1 E(D)1 > 
f(n, r) = n* - n(r + 3) + r* + 3r + k + 3. Then D is k-cyclic. 
The above conjecture extends another conjecture for 2-cyclic digraphs 
proposed by M. C. Heydemann and D. Sotteau in [3]. Also, if true, Con- 
jecture 2 would be the best possible for n 2 2r + 3, in view of the following 
digraph: Let A (resp. B, C) be a complete symmetric digraph of order 
Y - k + 2 (resp k - 1, n - r - k - 1) and S an independent set of order k. 
Consider now the disjoint union of A, B, C, and S and add all the arcs 
from C to S u A and from S to A and also the arcs in such a way that 
every vertex of B dominates and is dominated by every vertex of A u C u S. 
The resulting digraph is not k-cylic since there is no cycle which contains 
all the vertices of S. 
In Theorem 7 we prove that the above conjecture is true for k = 2. To 
do that we have to establish the following lemma which also proves that 
Conjecture 2 is true for n < 2r + 1. 
LEMMA 5. Let D be a (k - 1 )-connected digraph of order n such that for 
every x, d+(x)>r, d-(x)>r, with r>l, n<2r+l, and JE(D)l> 
f(n, r) = n2 - n(r + 3) + r* + 3r + k + 3. Then D is k-cyclic. 
Proof It was proved in [S] that, under the hypothesis of Lemma 5, 
if n < 2r + 1, then D has a hamiltonian cycle unless n = 2r + 1 and 
D=[(K,uK,.)+K1]* or K,T,+l~D~[K,+Kr+l]* or else D is 
isomorphic to D, or D, of Fig. 1. Then: 
If D is hamiltonian, then there is nothing to prove. 
FIGURE 1 
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If D = [(K, u K,) + K, ] *, then by a simple calculation we get a con- 
tradiction on the number of arcs. We get the same conclusion, when D is 
isomorphic to D5 or to D,. Finally, if K,k,+, E DE [k, + K,., 1]*, then 
clearly D is r-cyclic. 
LEMMA 6. Let D be a digraph of order n. If 1 E(D)1 > n2 - 2n + k + 1, 
then D is k-strongly connected. 
The proof of this lemma is very easy by induction on k. 
The following theorem is a positive answer to a conjecture published 
in [2]. 
THEOREM 7. Let D be a strong digraph of order n such that for every 
vertex x, d+(x)>:, d-(x)ar, with r> 1, and IE(D)( >f(n, r)= 
n2 - n(r i- 3) + r2 + 3r + 5. Then D is 2-cyclic. 
Proof: In the following we shall suppose r 2 3, since the case r = 2 was 
proved in [3]. We distinguish two cases. 
First Case. For every vertex x of D we have d + (x) 3 r + 1 and 
d-(x)tr+ 1. 
The proof of this case is by decreasing induction upon r, for fixed n. For 
n < 2r + 3, due to Lemma 5, D is 2-cyclic. Assume that n > 2r + 4 and 
that the theorem is true for all r’. r’ > r. Then f(n, r)-f(n, r + 1) < 
n2-n(r+3)+r2+3r+5-~n(n-1)-n(r+4)+(r+1)2+3(r+1)+5]= 
n - 2(r + 1) - 2. It follows from Lemma 5 that f(n, r) -f(n, r + 1) 3 0 and 
therefore D is 2-cyclic by induction. 
Second Case. There exists at least a vertex x in D such that either 
d+(x)=r or d-(x)=r holds. 
In what follows we shall consider only case d+(x) = r, since the proof for 
d-(x) = r can be obtained by considering the opposite digraph of D and 
applying the same argument to the opposite digraph of D. The proof is by 
induction on n, for lixed r. Suppose that n 2 5, since it is very easy to see 
that the conclusion of this case is true for smaller values of n. 
Let us consider the vertex x and another one y such that y E r+(x). 
Now, let D’ denote the digraph obtained from D - {x, y} by adding a new 
vertex s and the sets of arcs ((s, z)/z E D’, (y, z) E E(D)} u ((2, s)/z E D’, 
(z, x) E E(D)) (in the following, we shall say that D’ is obtained by 
contraction of x and y). It follows that 
lW’)l >f(n, r) -n + 1 - r 
=n 2-n(r+3)+r2+3r+5-n+1-r=f’(n-1,r-1). (A) 
222 YANNIS MANOUSSAKIS 
Now it sufhces to prove that there are always two vertices x, y such that 
the resulting digraph D’ is strong, since this shall permit us to complete the 
proof using the induction hypothesis. 
Assume that D’ is not strong. It follows that D - {x, y > is also not 
strong. Consequently, D - (x, y > can be partitioned into at least two 
components A and B such that A is strong and no vertex in B dominates 
a vertex in A. In addition, using the hypothesis of the theorem on the half- 
degrees we can see that JAI b r - 1 and IBJ 2 r- 1. 
We have to prove now a series of claims. 
Claim 1. E(A + B) # @. 
Assume E(A +B)=@. Then IE(D)<n2-n-(n-r-l)-21AI IBI= 
n2-22n+r+ 1 -2jAI IBI. We have to calculate min(lAl IBI). Put IAl =x, 
where r- 1 <x<n--r- 1, and then consider the function f(x) = I A( IBI = 
x(n - x - 2). From the study of f(x) we deduce that the minimum of f(x) 
is for x= r - 1 or x= n - r - 1. In both cases we obtain min f(x) = 
(r- l)(n-r- 1) = nr - r2 - n + 1. It follows that [E(D)1 6 n2 - 2n + r + 
1 -2(nr-r2-n+ 1) =f(n, r) - 1 - n(r - 3) + r2 - 2r - 5. However, we 
have n >2r + 2 by Lemma 5 and therefore -n(r - 3) + r2 - 2r - 5 < 
- (2r + 2)(r - 3) + r2 - 2r - 5 = - (r - 1)2 - 2 < 0. Finally, using this strict 
inequality, we obtain /E(D)/ <f(n, r) which is a contradiction on the 
number of arcs. 
Claim 2. Either D is hamiltonian on ) A) 3 r. 
Assume that D is not hamiltonian and that IAl = r - 1. It follows that 
r + (x) n A = A. Take now a vertex z in A and contract x and z to a vertex 
s’ in such a way that r+(s’)=r’(z), r-(s’)= r-(x) and let D” be the 
resulting digraph. Then we have JE(D”)J >f(n, r) - 2r = n2 - n(r + 3) + 
r2 + 3r + 5 - 2r = (n - 1)2 - (n - 1 )(r + 1) + r2 + 3. It follows from Theorem 
A that D” is hamiltonian and therefore D is also hamiltonian in contra- 
diction to our assumption. 
Claim 3. If r’(x) n A # 0, then either D is hamiltonian or I AI > r + 2. 
We can complete the proof by using exactly the arguments of Claim 2. 
Claim 4. Either D is 2-cyclic or IBI > r. 
Assume that D is not 2-cylic and IBI = r - 1. It follows that 
B z r-(x) n r( JJ) and that for every vertex w  of B we have d+(w) = r. In 
fact B=K,*_,. Then if r’(y)nA#@, using the fact that r-(x)n B#@, 
we get to the conclusion that D’ is strong which is a contradiction with our 
hypothesis. Assume now that r + ( JJ) n A = 0. Since D is strong it follows 
that r+(x) n A # 0. Therefore it is possible to choose a vertex w  of B such 
that E(A --+ B - w) # 0 (the vertex w  exists, for otherwise by an easy 
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calculation we may obtain a contradiction on the number of arcs). Clearly 
D -y - w  is strong. Now we may replace the vertex x by the vertex w  in 
(A) and then the resulting digraph D’ is strong, another contradiction to 
our hypothesis. This completes the proof of Claim 4. 
Let M(B) be the number of arcs which are missing in D. We shall prove 
the following final claim: 
Claim 5. If (Al >r and JB( >r+l, then M(D)<[BI(IA( +2)+ 
n-r-4. 
The proof is by contradiction. Assume M(D) 2 IBI ()A ) + 2) + n - r - 3. It 
follows that jE(D)l 6 n* - n - IBI (IA) + 2) - n + r + 3. We have to calculate 
the min lBl(lAl+2). Put x= /BJ where r+ 1 ,<x<n-r-2 and f(x)= 
x(n - X) = 1 BI ( IA I + 2). From the study of f(x) we deduce that the mini- 
mum of f(x) is for x = r + 1 and therefore min f(x) = min IBI (IA ) + 2) = 
(r+ l)(n-r- 1). Finally we obtain [E(D)/ <n* - 2n + r + 3 - nr + r* + r - 
n + r + 1 =f(n, r) - 1 which is a contradiction on the number of arcs and 
achieves the proof of Claim 5. 
Now we shall subdivide the remaining part of the proof into the tree 
following cases (a), (b), and (c). 
(a) E(B-+x)#0 andE(y--+A)#0 
From the hypothesis of this case and Claim 1 we deduce that B is not 
strong. We distinguish two cases depending upon the cardinality of B. 
First Case. IBI = r. It follows from the cardinality of B that for every 
vertex w  of B we have JE(w + B)I 2 IBI - 2. Then, since B is not strong, it 
is easy to see that B is the disjoint union of a complete graph, say B’, of 
order IBI - 1 and a vertex, say a, and all the arcs from a to B’ are present. 
In addition, since r > 2 we have E(A + a # f21 and since (B’I = r - 1, by 
using the conditions on half-degrees we see that r-(x) n B’ = 0. It follows 
that the graph D’ is connected which is a contradiction to our hypothesis. 
Second Case. (B( 3 r + 1. Let M(B), M(B) 2 0, be the number of arcs 
which are missing in B. Then M(B) < 21 BI - 3 for otherwise from the struc- 
ture of D we could deduce that M(D) 3 I BJ( (A I + 2) + n - r - 3 which is in 
contradiction with Claim 5. Moreover since B is not strong, then it can be 
partitioned into at least two components B’ and B” such that B’ is strong 
and there is no arc from B” to B’. 
We distinguish now the three following cases (1 ), (2), and (3) depending 
on the cardinality of B’ and B”. 
(1) I B’j > 3 and I B”I > 3. By a simple caiculation we can find that at 
least 31 BI - 9 arcs are missing in B which is in contradiction with tthe con- 
dition M(s) < 21BI - 3, except if M(B) = 2lBJ - 3, IBJ = 6, (B’I = IB”I = 3, 
582b/48/2-6 
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and B’ and B” are complete. In this case one can see that exactly the 
following arcs are missing in D: M(B) arcs in B, n - Y - 1 arcs from x to 
D, and I-4 I4 arcs from B to A. It follows that E(B” -+ x) # 0 and there- 
fore D’ is strong which is a contradiction. 
(2) JB”J < 2. The case ) B”I = 1 is not possible since if t is the only 
vertex of B”, then we could obtain d+(t) < 2 in contradiction with the 
supposition Y > 2. Assume (B”] = 2. Then r- (x) n B” = B” and n/r(B) > 
21 B) - 4. But then by counting arcs it is easy to see that there are sufficient 
arcs from B’ to B” and from B” to x for D’ to be connected, another 
contradiction. 
(3) ) B’I 6 2. Assume first that (B’I = 2. Then it is easy to see that at 
least 21 BI - 4 arcs are missing in B and therefore there always exists an arc 
from B” to x for otherwise by supposing r -(x) n B” = @ we could find 
that more than I BJ ((A ( + 2) + n - Y - 4 arcs are missing in D in contradic- 
tion with Claim 5. It follows that D’ is strong, another contradiction. 
Assume next that I B’I = 1 and let a be the only vertex of B’. Since Y > 2, 
we have f(a) A A # @ and r+(a) n B” # (25. Then if B” is strong we may 
suppose that r - (x) n B” = @ (for otherwise D’ is strong) and conse- 
quently we obtain M(D) 2 I B( (( A ( + 2) + n - r - 3, which is in contradic- 
tion with Claim 5. Assume, in what follows, that B” is not strong. It follows 
from Lemma 6 that at least ) B”l - 1 = I B\ - 2 arcs are missing in B”. In this 
case it is easy to see that exactly 2lB( - 3 arcs are missing in B and then 
by studying the structure of D we can see tthat [E(D)1 =f(n, Y) and that 
exactly the following arcs are missing in D: n - Y - 1 arcs from x to D, 
(A ( IBI arcs from B to A, and M(B) arcs in B. It follows that exactly 
I,“( - 1 arcs are missing in B” and, as B” is not strong, it is the disjoint 
union of a vertex, say a’ and a subgraph complete, say B”’ and all the arcs 
from a’ to B”’ are present. In this case, from the structure of D we deduce 
that for every two vertices p and s either the arc (p, s) or the arc (s, p) is 
present; that is, D is semicomplete and, since it is strong, it is 2-cyclic. 
The proof of case (a) is complete 
(b) E(B+x)=@ 
We shall prove, once more, a series of claims. 
Claim bl. Either D is 2-cyclic or (BI > Y + 1. 
Assume that D is not 2-cyclic and that ) BJ = Y. It follows that B = KT. 
Choose a vertex w  in B such that E(A + B - w) # 0. Contract the vertices 
w  and y to a new vertex s in such a way that r+(s) = T+(y), 
r-(s)=J-(W), and let D’ be the resulting digraph. In this case 1)’ is 
strong, since respectively A and B - w  are strong and moreover, as D is 
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strong, either the arc (y, X) is present or E(y -+ A) # 0. Thus, due to the 
induction D is 2-cyclic, in contradiction to our assumption. 
Claim b2. jE(y + A)/ > 2. 
Assume IE(y --+ A)( = 1. By Claim 2 we have ]A( 3 Y, and by Claim bl we 
have (B( > Y + 1. It follows that n > 2u + 3. Moreover from the structure of 
D we deduce that 
lE(D)I d n2 -n-/AI IBI-(n-r-l)(IAl-l)-JBI 
=n2-33n+r+4- (A( [III. 
Now we have to calculate min( /A) IBI). Put, as usual, IAl =x where 
r,<x<n-r-3 and consider the function f(x)=x(n-x-2)= IAl IBI. 
Then from the study of f(x) we deduce that the minimum of f(x) is 
for x = r so we obtain min( IAl IBI) = r (n - r - 2) = nr - r2 - 2r. If follows 
that IE(D)I 6 n2 - n(r + 3) + r2 + 3r + 4 <f(n, r), in contradiction with the 
hypothesis of the theorem. 
Claim b3. The subdigraph B induced by V(B) is at least 2-connected. 
Assume that B is not 2-connected. Then by Lemma 6, at least IBI - 2 
arcs are missing in B. It follows that M(D) 2 [Bl( IA I + 2) + n - r - 3. 
However, this condition is in contradiction with Claim 5 since by Claim 2 
we have IAl ar and by Claim bl we have (BI >,r+ 1. 
Claim b4. If IAl > r + 1, then the subdigraph induced by V(A) is at 
least 2-connected. 
Assume that A is not 2-connected. Then by Lemma 6 at least (Al - 2 
arcs are missing in A. So we obtain (E(D)(<n2-n2-n--IA/ 
I-BI-(I4-2)-l-BI-(n -r- l)<n2-3n+r-JAJ JBI. We have to 
calculate min (IAl IBl). Put, as usual, IAl =x with r+ 1 <xbn-r-3 and 
f(x) = I4 IBI = 4~ -x-2) =x2+nx-2n. From the study of this func- 
tion we deduce that minf(x) is either for x = r + 1 or for x =n - r - 3. In 
both cases we obtain min(lAl = (r+ l)(n-r-3)=nr+n-r2-r-3r-3 = 
n(r+ l)-r2-4r-3. 
If follows that (E(D) < n2 - 3n + r + 5 - n(r + 1) + r2 + 4r + 3 ,< n2 - 
n(r + 3) + r2 + 3r + 4 - n + 2r + 4 and therefore, for n > 2r + 4, we obtain 
/E(D)/ < f (n, r). This contradiction terminates the proof of Claim b4. 
Now we subdivide the remaining part of case (b) into two other sub- 
cases, (I) and (II). 
(I) jr+(x) n B) > 2. It follows from the hypothesis of this case and 
the fact E(B --+ x) = 0 that it is possible to choose a vertex w  in r+(x) n B 
such that at least an arc (w’, y), w’ E B, w’ # w, is present in D - w. Con- 
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tract now X, we as usual and let D’ be the resulting digraph. Then, it 
follows from Claim b3 that B - w  is strong (it is impossible that w  is 
unique satisfying E(x, w) # @ and E( w’, y) # @ and that all the arcs 
between A and B have their extremity on w). Moreover, it follows from 
Claim b2 and T-(y) n (B - w) # @ that the graph D’ is strong a 
contradiction. This proves case (I). 
(II) lr+ (x) n BI < 1. It follows from In+ n B( d 1 and the fact 
r >, 3 that r +(x) n A # 0. In addition, it follows from Claim 3 and Claim 
b4 that A is at least 2-connected. Let z be a vertex of r+(x) n A. Contract 
x, z as above and let D’ be the resulting digraph. Then D’ is strong, since 
A - z is strong, B is strong, E(A -+ X) f 0 (since E(B --+ x) = 0) and 
R(y-,A-z)#@ (Cl aim b2). This permits us to complete the proof. 
(4 w-,4=0 
Since D is strong, then E(x -+ A) # 0 and either E(B -+ x) # 0 or else 
both the arc (y, x) is present and E(B + v) # 0. In addition, it follows 
from Claim 3 that 1 Al > r + 2 and from Claim 4 that I Bj > r. Then using the 
arguments of Claim b4 we can prove that A is at least 2-connected. Also, 
using the arguments of Claim b2 we can prove that B is strong. Now we 
shall complete the proof of this case. Let z be a vertex in r+(x) n A. Con- 
tract the vertices x and z as usual and let D’ be the resulting digraph. Then, 
since A is 2-connected, A - z is strong and E(z + A) # 0. It follows from 
the structure of D and that fact that it is strong that D’ is also strong which 
is one more a contradiction. 
The proof of the theorem is complete. 
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